Abstract. We introduce a new class of integral domains, the perinormal domains, which fall strictly between Krull domains and weakly normal domains. We establish basic properties of the class and give equivalent characterizations of seminormal domains in the Noetherian context. (Later on, we point out some subtleties that occur only in the non-Noetherian context.) We also introduce and explore briefly the related concept of global perinormality, including a surprising relationship with divisor class groups. Throughout, we provide illuminating examples from algebra, geometry, and number theory.
Introduction
Motivated in part by the classical concept of a ring extension satisfying going-down from Cohen and Seidenberg [CS46] , the concept of the goingdown domain has been fruitful in non-Noetherian commutative ring theory (see for example [Dob73, Dob74, DP76] ); for Noetherian rings it merely coincides with domains of dimension ≤ 1 [Dob73, Proposition 7] . By definition, a ring extension R ⊆ S satisfies going-down if whenever p ⊂ q are prime ideals of R and Q ∈ Spec S with Q ∩ R = q, there is some prime ideal P ∈ Spec S with P ⊂ Q and P ∩ R = p (a condition that is satisfied whenever S is flat over R). Then an integral domain R is a going-down domain if for every (local) overring S of R, the inclusion R ⊆ S satisfies going-down. (In fact by [DP76, Theorem 1] it doesn't matter whether one specifies 'local' or not.)
It is natural to ask which overrings of an integral domain R satisfy goingdown over it. It is classical that any flat R-algebra (hence any flat overring) will satisfy going-down over R [Mat86, Theorem 9.5]. Moreover, one may deduce that flat local overrings are precisely the rings R p where p is a prime ideal of R. In this context, since going-down domains have proven to be a useful concept, it makes sense to explore the orthogonal concept:
• When does it happen that the only local overrings that satisfy goingdown over R are the localizations at prime ideals?
We call such a ring perinormal, and it is the subject of this paper. (The related concept of global perinormality stipulates that the only overrings, local or not, that satisfy going-down over the base are localizations of the base ring at multiplicative sets.) It turns out that the class of perinormal rings is closely related to Krull domains (and so Noetherian normal domains) and weakly normal (hence seminormal) domains in that Krull domain ⇒ perinormal ⇒ weakly normal and (R 1 ), with neither implication reversible. Moreover, for Noetherian domains (and somewhat more generally), we can characterize perinormal domains as those domains R such that no prime localization R p has an overring that induces a bijection on prime spectra. When R is smooth in codimension 1, we can restrict our attention to integral overrings of these R p (cf. Theorem 4.6). On the other hand, the only perinormal going-down domains are Prüfer domains.
The structure of the paper is as follows. We start by establishing some basic facts in Section 2, including Theorem 2.3 which shows that perinormality is a local property. Section 3 explores the relationship of perinormality to Krull domains, weakly normal domains, and (R 1 ) domains. Theorem 3.10, Corollary 3.4, and Proposition 3.2 respectively show that perinormality is implied by the first and implies the latter two properties. We also exhibit some sharpening examples. Section 4 is dedicated to Theorem 4.6, which gives the two characterizations of perinormal domains among Noetherian domains mentioned above. In Section 5, we find Theorem 5.2, which exhibits a method for producing perinormal domains that are not integrally closed. Section 6 is devoted to the related notion of global perinormality; in particular, we give a partial characterization (see Theorem 6.3) of which Krull domains may be globally perinormal, along with examples relevant to algebraic number theory. It turns out that the theory of perinormality is a bit different when one includes non-Noetherian rings; in Section 7, we point out the subtleties in a series of examples, including the fact that not every integrally closed domain is perinormal (unlike in the Noetherian case). We end with a list of interesting questions in Section 8. Conventions: All rings are commutative with identity, and ring homomorphisms and containments preserve the multiplicative identity. The term local means only that the ring has a unique maximal ideal. An overring of an integral domain R is a ring sitting between R and its fraction field.
First properties
Definition 2.1. Let R be an integral domain. We say R is perinormal if whenever S is a local overring of R such that the inclusion R ⊆ S satisfies going-down, it follows that S is a localization of R (necessarily at a prime ideal).
We say that R is globally perinormal if the same conclusion holds when the condition on S being local is dropped (so that this time, the localization is just at a multiplicative set).
Lemma 2.2. A homomorphism of commutative rings R → S satisfies goingdown if and only if for all P ∈ Spec S, the induced map Spec (S P ) → Spec (R P ∩R ) is surjective.
Proof. This follows immediately from the definition.
Theorem 2.3. If R is perinormal, so is R W for every multiplicative set W . Conversely, if R m is perinormal for all maximal ideals m of R, then so is R.
Proof. First suppose R is perinormal. Let S be a local overring of R W that satisfies going-down. Let Q ∈ Spec S. Then by Lemma 2.2, the map Spec S Q → Spec (R W ) Q∩R W is surjective. But (R W ) Q∩R W = R Q∩R canonically, so that the map Spec S Q → R Q∩R is surjective. Since Q ∈ Spec S was arbitrarily chosen, Lemma 2.2 applies again to show that the map R → S satisfies going-down. Thus, as R is perinormal, S must be a localization of R. That is, S = R P for some P ∈ Spec R. But since R W ⊆ S, we have W ∩ P = ∅, so that P R W is a prime ideal of R W and S = R P = (R W ) P R W , finishing the proof that R W is perinormal.
Conversely, suppose that R m is perinormal for all maximal ideals m of R. Let (S, n) be a local overring of R such that the inclusion R ⊆ S satisfies going-down. Let m ∈ Spec R such that n ∩ R ⊆ m. Then R m ⊆ S, and for any Q ∈ Spec S, another application of Lemma 2.2 shows that that the induced map Spec S Q → Spec R Q∩R = Spec (R m ) Q∩Rm is surjective, whence by the same lemma, the extension R m ⊆ S satisfies going-down. Then since R m is perinormal, it follows that S is a localization of R m , hence of R. Thus, R is perinormal.
Example 2.4. Any valuation domain R is globally perinormal because every overring of R is a localization, as is easily shown. It then follows from Theorem 2.3 that every Prüfer domain is perinormal.
(R 1 ) domains, weakly normal domains, and Krull domains
In this section, we fit perinormality into the context of three known important classes of integral domains. Namely, Krull =⇒ perinormal =⇒ weakly normal and (R 1 ), with neither arrow reversible.
Definition 3.1. We say that a commutative ring R satisfies (R 1 ) if R P is a valuation domain whenever P is a height one prime of R.
Remark. It seems that in the literature, the term (R 1 ) is only used for Noetherian rings (cf. [Mat86, p. 183] ). Here we have extended it to arbitrary commutative rings in a way that both coincides with the established definition in the Noetherian case and suits our purpose in the general case. Proof. Let p be a height one prime of R. Let (V, m) be a valuation ring between R and Frac(R) such that m ∩ R = p. (If R is Noetherian, we can choose V to be Noetherian as well.) Then the map R → V trivially satisfies going-down. Thus, V is a localization of R, whence V = R m∩R = R p , completing the proof that R satisfies (R 1 ).
Proposition 3.3. If (R, m) is a local perinormal domain, then for any integral overring S of R such that Spec S → Spec R is a bijection, we have R = S.
Proof. Let S be an integral overring of R such that Spec S → Spec R is bijective. By integrality of the extension, some prime ideal n of S lies over m; by bijectivity, there can be only one such prime; since fibers of Spec maps on integral extensions are antichains, n is maximal, and the unique maximal ideal of S. Now, let p ⊂ q be a chain of primes in R, and let Q ∈ Spec S with Q ∩ R = q. Since the Spec map is surjective, there is some P ∈ Spec S with P ∩ R = p. By the 'going up' property of integral extensions, there is some Q ′ ∈ Spec S such that P ⊆ Q ′ and Q ′ ∩ R = q. But then by injectivity of the Spec map, Q ′ = Q. This shows that the inclusion R ⊆ S satisfies going-down; hence S is a localization of R since R is perinormal. But since the map R → S is a local homomorphism of local rings, the only way S can be a localization of R is if R = S.
Recall that an integral domain R is weakly normal 1 if for any integral overring S of R such that the map Spec S → Spec R is a bijection and for all P ∈ Spec S (where we set p := P ∩ R), the corresponding field extensions R p /pR p → S P /P S P is purely inseparable, it follows that R = S.
A domain R is seminormal if [Swa80] whenever x ∈ Frac R with x 2 , x 3 ∈ R, we have x ∈ R. However, it is equivalent to say that for any integral overring S such that Spec S → Spec R is a bijection and the corresponding field extensions R p /pR p → S P /P S P are isomorphisms, then R = S. From this, it is clear that every weakly normal domain is seminormal, and that for a domain that contains Q, the converse holds.
Recall that both weak normality and seminormality are local properties in the sense of Theorem 2.3. Also every normal domain is weakly normal. For all this and more, cf. Vitulli's survey article on weak normality and seminormality [Vit11] .
Corollary 3.4. If R is perinormal, then it is weakly normal (hence seminormal).
Proof. Since both perinormality and weak normality are local properties, we may assume R is local. Now let S be an integral overring of R where Spec S → Spec R is a bijection such that for any P ∈ Spec S, the field extension R p /pR p → S P /P S P is purely inseparable (where p = P ∩ R). Then by Proposition 3.3, R = S. It follows that R is weakly normal.
We next present two examples to show that the converse to Corollary 3.4 is false, even under some additional restrictions.
Example 3.5. Not all weakly normal (resp. seminormal) domains are perinormal, even in dimension 1. For example, A = R[x, ix] is seminormal, even weakly normal, without being perinormal. Failure of perinormality arises from the fact that C[x] is going-down over A (with the same fraction field C(x)) without being a localization of it. To see seminormality, merely observe that A consists of those polynomials whose constant term is real, and if f ∈ C[x] is such that its square and cube have real constant term, it follows that the constant term of f has its square and cube in R, whence the constant term of f is in R already. To see this, let A = k[x, y, z]; note that A is the integral closure of R. Hence every prime ideal of R is contracted from A. Let P ∈ Spec A.
If P (x, y), then z ∈ R P ∩R , whence R P ∩R = A P is regular. Therefore, R P ∩R is normal, weakly normal, and perinormal. This also shows that R satisfies (R 1 ). Further, we may conclude that R is weakly normal by using However, the ring
. Then the map R (x,y)∩R → A (x,y) induces a bijection on spectra because for all other primes, we have an isomorphism, whereas the localness of the integral closure shows that we also have bijectivity at the maximal ideal. But the two rings are unequal because z / ∈ R (x,y)∩R . Then since R (x,y)∩R is not perinormal, neither is R.
Lemma 3.7. Let R be an integral domain, S an overring of R, and p ∈ Spec S such that V := R p∩R is a valuation domain of dimension 1. Then R p∩R = S p as subrings of Frac R, and ht p = 1.
On the other hand, V is a valuation domain, so every overring is a localization at a prime ideal. Since V has only two primes, the only possibilities are V and K. Since
Definition 3.8. For a commutative ring R, Spec 1 (R) denotes the set of all height one primes of R.
Proposition 3.9. Let R be an (R 1 ) domain and let S be an overring such that the extension R ⊆ S satisfies going-down. Then S satisfies (R 1 ), and the map Spec S → Spec R induces an injective map Spec 1 (S) → Spec 1 (R) whose image consists of those height one primes p of R such that pS = S.
Proof. First we need to show that given a height one prime Q of S, q := Q∩R is a height one prime of R. We have q = 0 because R ⊆ S is an essential extension of R-modules; hence ht q ≥ 1. On the other hand, suppose there is some p ∈ Spec R with 0 p q. Then by going-down, there is some P ∈ Spec S with P ∩ R = p. But then P = 0 (again by essentiality of the extension), whence 0 P Q is a chain of primes in S, so that ht Q ≥ 2, a contradiction. Then by Lemma 3.7, S satisfies (R 1 ).
Next, let p ∈ Spec 1 (R). If pS = S, then no prime of S can lie over p. On the other hand, if pS = S, then there is some maximal ideal Q of S with pS ⊆ Q. Then the going-down property implies that there is some P ∈ Spec S with P ∩ R = p. Moreover, Lemma 3.7 along with the (R 1 )-ness of R implies that S P = R p and ht P = 1. Finally, if there is some other prime ideal P ′ of S with P ′ ∩ S = p, then we have S P = R p = S P ′ . But different prime ideals of a ring always give rise to different localizations, so P = P ′ , finishing the proof that the map of Spec 1 's is injective.
Recall that one says an integral domain R is a Krull domain if
(1) R p is a DVR for all p ∈ Spec 1 (R) (in particular, R satisfies (R 1 )), (2) R = p∈Spec 1 (R) R p , and (3) For any nonzero element r ∈ R, the set {p ∈ Spec 1 (R) | r ∈ p} is finite. Recall the Mori-Nagata theorem (cf. [Fos73, Theorem 4.3]), which says that the integral closure of any Noetherian domain is Krull (though not necessarily Noetherian); hence every Noetherian normal domain is Krull.
Theorem 3.10. If R is a Krull domain (e.g. Noetherian normal), then R is perinormal.
Proof. Let (S, m) be a local overring of R such that the inclusion R ⊆ S satisfies going-down. Let Q = m∩R; R Q is then also a Krull domain [Bou72, Proposition 6 on p. 483]. Note that the going-down condition implies that the map Spec S → Spec R Q is surjective. Hence by Proposition 3.9, we get a bijective map Spec 1 (S) → Spec 1 (R Q ), and for each P ∈ Spec 1 (S) and corresponding p = P ∩ R ∈ Spec 1 (R Q ), we have (R Q ) p = S P by Lemma 3.7. Therefore
That is, S = R Q , so R is perinormal.
Local characterizations of Noetherian perinormal domains
In this section, after a preliminary exploration of how (R 1 ) domains interact with overrings and the special relationship that occurs between two rings that share a nonzero ideal, we provide two surprising characterizations of perinormal domains among Noetherian integral domains.
Lemma 4.1. Let R be an (R 1 ) integral domain whose integral closure R ′ is a Krull domain. If there is a maximal ideal of R that contains all the height one primes of R, then R is local.
Proof. Let m be a maximal ideal of R, and suppose that m contains all height one primes of R. Then
since R is an (R 1 ) domain and R ′ is Krull. We have shown that R m is integral over R, which can only happen if R = R m .
Lemma 4.2. Let (R, m) be an (R 1 ) local domain whose integral closure is a Krull domain. Let S be an integral overring of R that satisfies going-down over R and such that mS = S. Then S is local.
Proof. By Proposition 3.9, S satisfies (R 1 ) and the map Spec S → Spec R induces a bijection Spec 1 (S) ∼ → Spec 1 (R). Now let n be a maximal ideal of S that contains mS. Then the extension R ⊆ S n is going-down and mS n = S n , so Proposition 3.9 applies again to produce a bijection Spec 1 (S n ) ∼ → Spec 1 (R). These compose to give a bijection of Spec 1 (S n ) with Spec 1 (S), which amounts to saying that for all height one primes p of S, we have pS n = S n -that is, p ⊆ n. Moreover, R and S have the same integral closure, which is Krull by hypothesis. Then by Lemma 4.1, S must be local.
Lemma 4.3. Let R ⊆ T be an inclusion of commutative rings, and let I be an ideal that is common to R and T . (That is, I is an ideal of R and IT = I.) Let W be a multiplicatively closed subset of T , set V := W ∩R, and suppose that I ∩W = ∅. Then the natural map R V → T W is an isomorphism.
Proof. Let z ∈ I ∩ W . To see injectivity, let r v ∈ R V (with r ∈ R, v ∈ V ) such that r v = 0 in T W . Then for some w ∈ W , we have wr = 0. Moreover, zw ∈ I ∩ W ⊆ R ∩ W = V and (zw)r = 0, whence
Corollary 4.4. Let R ⊆ T be an inclusion of commutative rings, and let I be an ideal common to R and T . Let z ∈ I, and let P ∈ Spec T with I P . Then the natural maps R z → T z and R P ∩R → T P are isomorphisms.
Proof. In the first case, apply Lemma 4.3 with V = W = {z n | n ∈ N}. In the second case, apply the same lemma with W = T \ P .
Corollary 4.5. Let R ⊆ T be integral domains that share a common nonzero ideal I. Then the induced map of fraction fields is an isomorphism.
Proof. Apply Lemma 4.3 with W = T \ {0}.
Theorem 4.6. Let R be an integral domain whose integral closure is a Krull domain (e.g. any Noetherian integral domain), and let K be its fraction field. The following are equivalent.
(a) R is perinormal.
(b) For each p ∈ Spec R, R p is the only ring S between R p and K such that the induced map Spec S → Spec R p is a bijection. (c) R satisfies (R 1 ), and for each p ∈ Spec R, R p is the only ring S between R p and its integral closure such that the induced map Spec S → Spec R p is an order-reflecting bijection.
Proof. (a) =⇒ (b): Since perinormality localizes, we may assume that (R, p) is local. Now let S be a ring between R and K such that Spec S → Spec R is a bijection. Then for any height one prime P of R, there is a prime Q of Spec S such that Q ∩ R = P , and by Lemma 3.7, S Q = R P (since R satisfies (R 1 )). Then
since R ′ is a Krull domain. Thus, S is integral over R. Now, let p 2 ⊂ p 1 be a chain in Spec R, and q 1 ∈ Spec S with q 1 ∩ R = p 1 . By surjectivity of the Spec map, there is some q 2 ∈ Spec S with q 2 ∩ R = p 2 , and by the going-up property of integral extensions, there is some q ′ 1 ∈ Spec S with q ′ 1 ⊇ q 2 and q ′ 1 ∩ R = p 1 . But then since the Spec map is injective, we have q ′ 1 = q 1 . Hence S satisfies going-down over R. Moreover, S is local by Lemma 4.2 since pS = S. Then by perinormality of R, it follows that S is a localization of R, but then since it is also integral over R, we have R = S.
(b) =⇒ (c): To see that R satisfies (R 1 ), let p be a height one prime of R. Let V be a valuation ring centered on p. Then all nonzero prime ideals of V contract to p, and their intersection q is also a prime ideal of V . Since q contains no prime ideals other than itself and (0), we have ht q = 1. Now, the map R p → V q induces a bijection on Spec, so R p = V q , a valuation domain. On the other hand, the second condition in (c) follows trivially from (b).
(c) =⇒ (a): Let (S, n) be a going-down local overring of R. Let p = n∩R. Note that R p satisfies (R 1 ), so that by Proposition 3.9, the map Spec S → Spec R p induces a bijection Spec 1 (S) ∼ → Spec 1 (R p ) where by Lemma 3.7, the corresponding localizations of S and R p coincide. Thus,
whence S is (R 1 ) and integral over R p . Next, we claim that the map Spec S → Spec R p is injective. To see this, let Q be a prime ideal of R p , and let W := R p \ Q. Then the inclusion (R p ) Q ⊆ S W is integral, it satisfies going-down, and QS W = S W . Moreover, the integral closure of R p is R ′ R\p , a Krull domain. Thus by Lemma 4.2, S W is local. But this means that only one prime of S lies over Q, whence the map Spec S → Spec R p is injective.
However, the map is also surjective, since S is integral over R p . Therefore the map is bijective.
Finally, we must show that the map is order-reflecting -that is, if q 1 ⊆ q 2 in R p , then the corresponding primes in S are also so ordered. So let Q j ∈ Spec S with Q j ∩ R p = q j , j = 1, 2. By going-down, there is some P ∈ Spec S with P ⊆ Q 2 and P ∩ R p = q 1 = Q 1 ∩ R p . But then by the injectivity of the Spec map, P = Q 1 , whence Q 1 ⊆ Q 2 . Hence, condition (c) applies and R p = S, whence R is perinormal.
Corollary 4.7. Let (R, m) be a non-normal Noetherian local domain. Assume that dim R ≥ 2 and that the map R → R ′ is a minimal ring extension, where R ′ is the integral closure of R. Then R is perinormal if and only if R ′ is not local.
Proof. By [FO70, Theorem 2.2], m is also an ideal of R ′ . Now let p ∈ Spec R with p = m. Let P, P ′ ∈ Spec S with P ∩ R = P ′ ∩ R = p. Then by Corollary 4.4, S P = R p = S P ′ , whence P = P ′ . Also, by integrality any maximal ideal of R ′ must contract to m. Hence, there is a bijection between the nonmaximal primes of R and those of R ′ .
Suppose R ′ is local. The only possibility of non-bijection of Spec happens at the maximal ideals, but it is clear that the unique maximal ideal of R ′ contracts to m. Thus, R → R ′ induces a bijection on Spec even though R = R ′ . Then by the implication (a) =⇒ (b) of Theorem 4.6, R cannot be perinormal.
On the other hand, if R ′ is not local, then by minimality of the extension, there is no local integral overring of R = R m other than R itself. Also, for any p ∈ Spec R \ {m}, R p is integrally closed (because it equals S P , where P contracts to p), so again there is no local integral overring. The same observation shows that R satisfies (R 1 ), since none of the height one primes of R are maximal. Then by the implication (c) =⇒ (a) of Theorem 4.6(c), R is perinormal.
Gluing points of Krull domains in high dimension
In this section, we exhibit a method for constructing perinormal domains out of pre-existing Krull domains, such that the new domains enjoy an arbitrary degree of branching-like behavior. We explain how to interpret this construction either in the algebraic context of pullbacks or the geometric context of gluing points.
We begin with the following result, which may be known, but we include a proof for the convenience of the reader.
Lemma 5.1. Let R ⊆ S ⊆ T be ring extensions. Let X := {P ∈ Spec S | P ∩ R is a maximal ideal}. Suppose that the induced map (Spec S \ X) → (Spec R \ Max R) is injective. If R ⊆ T satisfies going-down, so does S ⊆ T .
Proof. Let P 1 ⊂ P 2 be a chain of two prime ideals of S such that there exists Q 2 ∈ Spec T with Q 2 ∩ S = P 2 . Then setting p j := P j ∩ R, j = 1, 2, we have Q 2 ∩ R = p 2 , so by the going-down hypothesis on the extension R ⊆ T , there is a prime ideal Q 1 of T with Q 1 ⊆ Q 2 and Q 1 ∩ R = p 1 . But then we have P 1 ∩ R = p 1 = Q 1 ∩ R = (Q 1 ∩ S) ∩ R, so by injectivity of the map in question (since p 1 is a non-maximal ideal of R), we have P 1 = Q 1 ∩ S, completing the proof.
Theorem 5.2. Let S be a semilocal Krull domain and let m 1 , . . . , m n be its maximal ideals. Assume that n ≥ 2, and ht m j ≥ 2 for all 1 ≤ j ≤ n. Further suppose that the fields S/m i are all isomorphic to the same field k. For each i = 1, 2, . . . , n fix an isomorphism α i : k → S/m i . Let R be the pullback in the diagram
where J := m 1 ∩ · · · ∩ m n = n j=1 m j , p is the canonical projection, and h is the composition of the maps k → n i=1 S/m i (given by λ → (α 1 (λ) , . . . , α n (λ)) and the isomorphism between n i=1 S/m i and S/J (given by the Chinese Remainder Theorem). Then R is local and perinormal. Also, R is globally perinormal if S is. But R is not integrally closed, because its integral closure is S.
Proof. We first note that it follows from the properties of a pullback that as h is an injection (resp. p is a surjection), f is an injection (resp. g is a surjection). Thus we can view R as a subring of S where J = ker g is a common nonzero ideal of both rings. Then it follows from Corollary 4.5 that R and S have the same field of fractions.
Next we show that S is integral over R (and hence equals the integral closure of R). To see this, let s ∈ S. Since J is a common ideal of R and S, we have
where the composite map is just the diagonal embedding. Now k × · · · × k is integral over k, which means that S/J is integral over R/J. In particular, there is some monic g ∈ (R/J) [X] such that g(s) = 0. But then g lifts to a monic polynomial G ∈ R[X] such that G(s) ∈ J. Say G(s) = j ∈ J. Then H(X) := G(X) − j is a monic polynomial over R such that H(s) = 0. It follows that the integral closure of R is S. Now we claim that R is local. This will follow if we can show that J is the Jacobson radical of R, since we already have that J is a maximal ideal of R. To this end, it suffices to show that for each j ∈ J, 1 − j is a unit of R. If not, then 1 − j ∈ p for some prime ideal of R, so that 1 − j ∈ pS. But since 1− j is a unit of S (since J is the Jacobson radical of S), it follows that pS = S, which contradicts the lying over property of the integral extension R ⊆ S. This contradiction proves the claim. Now let T be an overring of R such that R ⊆ T satisfies going-down. Case 1: Suppose JT = T . Then S ⊆ T . To see this, let n be a maximal ideal of T . Since J n, we have n ∩ R = p J. Then there is some nonmaximal P ∈ Spec S with P ∩ R = p (since S is integral over R), whence by Corollary 4.4, we have R p = S P . Hence, S ⊆ S P = R p ⊆ T n . Since n was an arbitrary maximal ideal of T , it follows that S ⊆ n∈Max T T n = T .
Next, since the map Spec S → Spec R is injective on non-maximal ideals and R ⊆ T satisfies going-down, it follows from Lemma 5.1 that the extension S ⊆ T satisfies going-down. Thus, if T is local or S is globally perinormal, we have that T = S W for some multiplicative subset W of S. On the other hand, for any maximal ideal m i of S, we have
Note that z ∈ J and that z is a unit in T . Thus by Corollary 4.4, T = S W = (S z ) V = (R z ) V = R V ′ for appropriate multiplicative sets V and V ′ , so that T is a localization of R. Case 2: On the other hand if JT = T , then by Proposition 3.9, the map Spec T → Spec R induces a bijection Spec 1 (T ) ∼ → Spec 1 (R), so that since we have a similar bijection with Spec 1 (S), we have
It follows that T is integral over R and that J is a common ideal to R, S, and T , so we have
Thus, T /J must be isomorphic to a product of some finite number of copies of k. But by Lemma 4.2, T is local. Hence, T /J is local as well. Therefore, T /J ∼ = k, whence T = R.
Example 5.3. For a geometrically relevant example of the above, let B = k[X, Y ], let p j = (x j , y j ) ∈ k 2 be distinct ordered pairs (points of k 2 ) for 1 ≤ j ≤ t, let n j := (X − x j , Y − y j ) (the maximal ideal corresponding to p j ), J := t j=1 n j , and A := k + t j=1 n j . Note that J is a maximal ideal of A. Then by the above theorem, the ring A J is perinormal (even globally perinormal!), but it isn't normal unless t = 1 (since there are t maximal ideals lying over JA J in the integral closure of A J .) By [Fer03, Théorème 5.1], Spec A can be seen, quite precisely, as the algebro-geometric result of gluing together the points p 1 , . . . , p t of A 2 k together, and Spec A J is the (geometric) localization at the resulting singular point.
Example 5.4. There exist 2-dimensional (R 1 ) Noetherian local domains R such that R ′ is not local, yet R is not perinormal. Consider the ring k[x, y] with maximal ideals m 1 = (x, y − 1) and m 2 := (x − 1, y). Let S be the semilocal ring k[x, y] m 1 ∪m 2 . Let J := m 1 S ∩ m 2 S, and consider the subrings B = k + J and R = k + J 2 . Clearly the ring B is integral over R (as the elements of J are obviously integral over R), while by Theorem 5.2, S is integral over B. Hence S is integral over R. Moreover, as all three rings share the ideal J 2 of S, they all have the same fraction field by Corollary 4.5. Thus, S is the integral closure of R. Also, since S is generated as a ring over R by the two (integral) elements x and y, it follows that S is module finite over R. Therefore by the Eakin-Nagata Theorem (see for example [Mat86, Theorem 3 .7]), R is Noetherian.
By Corollary 4.4, for each prime ideal p of R with p = J 2 , one has R p = B P , where P is a prime ideal of B lying over p. Therefore, since B is local (by Theorem 5.2), the contraction map induces a bijection from Spec B to Spec R. Finally, since B is distinct from R (since J 2 = J), it follows from Proposition 3.3 that R is not perinormal.
Global perinormality
Next, we explore the related but quite distinct concept of global perinormality. In particular, for Krull domains, there is a strong and surprising relationship to the divisor class group. We illustrate with examples from algebraic number theory.
Proposition 6.1. Let R be a globally perinormal domain, and let W be a multiplicative subset of R. Then R W is globally perinormal as well.
Proof. Let S be an overring of R W that satisfies going-down. Let Q ∈ Spec S. Then by Lemma 2.2, the map Spec S Q → Spec (R W ) Q∩R W is surjective. But (R W ) Q∩R W = R Q∩R canonically, so that the map Spec S Q → Spec R Q∩R is surjective. Since Q ∈ Spec S was arbitrarily chosen, Lemma 2.2 applies again to show that the map R → S satisfies going-down, whence since R is globally perinormal, S must be a localization of R. That is, S = R V for some multiplicative subset V of R. But since R W ⊆ S, we have W ⊆ V , so that V ′ := V R W is a multiplicative subset of R W , and S = R V = (R W ) V ′ , finishing the proof that R W is globally perinormal.
Proposition 6.2. Let R be a Krull domain and let S be a going-down overring of R.
where ∆ := {p ∈ Spec 1 (R) | pS = S}.
Proof. For any maximal ideal m of S, S m is local overring of R such that R ⊆ S m satisfies going-down. Hence by Theorem 3.10, S m is a localization of R -i.e., S m = R m∩R . Now, for every p ∈ ∆, there is some such m ∈ Max S with pS ⊆ m, whereas when p ∈ Spec 1 (R) \ ∆, there is no such m. Also, every such R m∩R is a Krull domain. Thus:
Next, we recall the basic theory of divisor class groups of Krull domains, as in [Fos73] . For a Krull domain R, the divisor group Div(R) of R is the free abelian group on the set Spec 1 (R). It follows from the properties of Krull domains that any nonzero principal ideal gR of R may be represented uniquely in the form gR =
, where k and each n j are positive integers, each p j ∈ Spec 1 (R), and p (n) := p n R p ∩ R. We denote by Prin(R) the subgroup of Div(R) generated by all sums of the form
is a principal ideal. Then the divisor class group is just the quotient group Cl(R) := Div(R)/ Prin(R). R is a unique factorization domain if and only if Cl(R) is trivial. When R is a Dedekind domain, Cl(R) is often simply called the class group of R. Theorem 6.3. Let R be a Krull domain.
(1) If the divisor class group Cl(R) of R is torsion, then R is globally perinormal. (2) The converse holds when dim R = 1.
Proof. To prove part (1), let S be a going-down overring of R. By Proposition 6.2, S = R ∆ = p∈∆ R p , where ∆ = {p ∈ Spec 1 (R) | pS = S}. We will show that in fact, S = R W , where
For the reverse inclusion, we may assume that R = R W (since this is also a Krull domain), so that there is now a bijection between the height one primes of R and those of S. Now let α ∈ S. Write α = f /g, where f, g ∈ R. Since R is a Krull domain, as in the above discussion we may write
, where p (t) j := (p t j R p j ) ∩ R for positive integers t, each p j is a height one prime of R, k is a nonnegative integer, and each n j is a positive integer. On the other hand, the condition on the divisor class group of R means that for each j, we have that p (t) j is principal for some t. By taking least common multiples, it follows that there is some positive integer c such that every p (n j c) j is principal; say p (n j c) j = h j R, h j ∈ R. For each 1 ≤ j ≤ k, let P j ∈ Spec 1 (S) be the unique prime ideal that lies over p j . Then
where the penultimate equality comes from Lemma 3.7, and the final one comes from the fact that h j R = p
is a p j -primary ideal. Thus, for each j = 1, . . . , k, we have cv
(Here, v p : Frac R → Z ∪ {∞} is the valuation associated to the valuation domain R p , for each p ∈ Spec 1 (R).) Thus, α = f /g ∈ p∈Spec 1 (R) R p = R.
As for part (2), the following statement was proved independently in Example 6.5. If R m is globally perinormal for all maximal ideals m, it does not follow that R is globally perinormal, even when R is a Dedekind domain finitely generated over a field. To see this, let E be any elliptic curve, with Weierstraß equation f = 0, considered as an affine curve in A 2 C . Then as a group, E = E(C) is analytically isomorphic (as an algebraic group) to C/Λ for some lattice Λ [Sil86, Corollary VI.5.1.1], which in turn is abstractly isomorphic (as a group) to R/Z × R/Z. The latter has uncountably many non-torsion elements (namely, whenever either of the two coordinates is irrational). On the other hand, E(C) is isomorphic to a particular subgroup (the so-called degree 0 part) of the divisor class group of the Dedekind do-
, as the latter is the affine coordinate ring of E(C). Thus, Cl(R) contains (uncountably many) nontorsion elements, so by Theorem 6.3(2), R is not globally perinormal. But R m is a DVR for any m ∈ Max R (since R is a Dedekind domain), so R m is globally perinormal.
On page 15, we have constructed a chart tracking many of the dependencies we have discussed so far. Note that none of the arrows are reversible, and that a crossed-out arrow indicates a specific non-implication. As usual, nuances exist for general commutative rings that do not come up when one assumes all rings are Noetherian. We explore some of these in the current section.
Example 7.1. There is a non-Noetherian one-dimensional local integrally closed domain that isn't perinormal. In fact, any integrally closed onedimensional local domain that isn't a valuation domain will suffice. For example, let K/F be a purely transcendental field extension, let X be an analytic indeterminate over K, let V := K[[X]], and then let R = F + XV . Then R is easily seen to be local with maximal ideal XV and integrally closed (even completely integrally closed) in its fraction field K((X)). To see that R has dimension 1, let p ∈ Spec R with 0 p XV . Then by Lemma 4.3, the map R p → V R\p is an isomorphism, so that V R\p is local and hence equals either V or K((X)). The former is impossible since every nonunit of R is a nonunit of V , and the latter means that p = 0, which contradicts the assumption. Hence, Spec R = {0, XV }, whence dim R = 1. But V is a going-down local overring of R that is not a localization.
Example 7.2. There exist non-Prüfer, non-Krull, integrally closed integral domains (necessarily non-Noetherian) that are perinormal.
For a concrete example, let k be a field, x, y indeterminates over k, and R = k[x, y, Hence R P = k[x, y] p , and so in particular R P is a Krull domain, whence perinormal. It is also now clear that R is not Prüfer. On the other hand, it is known (though apparently not written down) that R m is a valuation ring. Specifically, R m is the valuation ring associated to the valuation ν on k(x, y) with value group Z × Z (ordered lexicographically), where ν(x) = (0, 1) and ν(y) = (1, 0). We give a brief outline as to why R m = V , where V is the valuation ring of ν.
Clearly R ⊂ V , since y/x ∈ V . Moreover the maximal ideal of V is generated by x, and so R m ⊆ V . For the reverse containment we can write an arbitrary element of V as f /g, where f, g ∈ k[x, y]. Evidently we can assume that g is not divisible by y. Thus ν(g) = (0, m) for some nonnegative integer m. We can then write g = x m h(x) + yp(x, y), where h(x) ∈ k[x] and p(x, y) ∈ k[x, y]. Since ν(f ) ≥ ν(g), v(f ) = (n, t) where either n > 0 or n = 0 and t ≥ m. In either case one can show that f /g can be written in the form F/G, where F, G ∈ k[x, y] and G / ∈ m. Thus f /g ∈ R m , showing the two rings are equal.
Since R is locally integrally closed, it is integrally closed. Finally to complete the example we must know that R is not a Krull domain. However, m = xR is a principal prime ideal of height two. Thus x −1 ∈ ( p∈Spec 1 (R) R p )\R, contradicting the definition of a Krull domain.
Definition 7.3. Let R be an integral domain. We say that R is nearly Krull 2 if the following three conditions hold:
(1) R p is a valuation domain for all p ∈ Spec 1 (R), (2) R = p∈Spec 1 (R) R p , and (3) (Finite character) For each r ∈ R, there are only finitely many p ∈ Spec 1 (R) such that rR p = R p .
Proposition 7.4. Let R be a nearly Krull domain. Then so is R Q for any prime ideal Q and R[X] for any indeterminate X over R.
Proof. The proofs of the corresponding facts for Krull domains (e.g. in [Bou72, Proposition 6 on p.483 and Proposition 13 on p.488]) may be imitated, mutatis mutandis, to prove the current Proposition.
Theorem 7.5. Any nearly Krull domain is perinormal.
Proof. In light of Proposition 7.4, the proof of Theorem 3.10 only requires a nearly Krull domain.
Example 7.6. Let V be any rank 1 valuation ring and n ∈ N. Then V [X 1 , . . . , X n ] is a nearly Krull domain (by Proposition 7.4, since V is obviously nearly Krull), hence perinormal (by Theorem 7.5). This provides a large class of examples of perinormal domains, of arbitrary Krull dimension, that are neither Krull nor Prüfer, even locally.
